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where A, B and D are fixed constants (independent of k, PI, .,Pk) and Pi is large 
enough so that there are (at least) k primes between p1 and f (p, k). Then { PI ... Pk } 

forms a prime-field characteristic set. 

PROOF. We construct the matrix M(N) and the configuration C(N) as in ?3. 
Theorem 3.3 gives us X(C(N)) = { P1,... ,Pk }. We will show that Xpf(C(N)) exists 
(and equals { PI, .. . ,Pk }) by assigning prime-field values to each of xI, . . . ,xn so that 
no new dependences are created in M(N) modulo any prime pn, (1 < m < k). 

We proceed recursively, assuming that values cl, c2, . ... , cj -1 have been given to 

X1, X2, ... , xj -1, respectively, such that no new dependences have been created in the 
submatrix (MIM(cl) ... M(cj- )) mod Pm for any m (i.e., the 0-subdeterminants of 

(MIM(xl) ... M(xj-1)) exactly match the 0-subdeterminants of (M1M(cl) ... 

Let R1 be the total number of positive integers less than Pi which cj cannot be. 
Then R1 < Rn if j < n, for the selection of cj involves avoiding the roots of fewer 
polynomials than the selection of Cn involves. (There are more subdeterminants in 

(MIM(cI) ... M(Cn-)M(Xn)) than in (M1M(cl) ... M(cj-1)).) Thus it will be 
possible to assign prime-field integer values c1 to x 1for 1 j < n if R < p1. To 
compute Rn, we examine the subdeterminants of M(N) which contain at least one 
column from M(xn) (where we assume xl = cl, , Xn -I1 = Cn- 1) 

There are (K) - (K-15) such subdeterminants, where K= IM(N)I = 14 - log2 N 
+ 9D * k, and each subdeterminant is (at most) a degree five polynomial in xn. Then 

cn cannot be any of the (at most) 5 roots for each subdeterminant and for each prime 

Pm. Hence, Rn < 5k[(K) - (K15)]. Now 

(K) _ (K15) C2 * K 2 C2(log2N+ C3 k)2 for constants C2 and C3. 

But log2 N < k * 1g2 Pk, so we get Rn < C4k3(10g2 Pk + C3)2. 

Therefore, we can assign a value cn to xn (and hence cj to xj for all j < n) without 
introducing new dependences provided C4k3(10g2 Pk + C3)2 < Pl, or pk < f( pl K) 
for constants A = 674 6 C3, B = 4' 

To complete the proof, we need only check that, for k fixed and p1 sufficiently 
large, there are k primes in the interval between PI and f( p1, k). But this follows 
easily from the Prime Number Theorem (see e.g., p. 371 of [5]). Thus, t P1,... ,Pk } 

forms a prime-field set and we are done. 
We note that any subset of a prime-field set formed in this fashion will also be a 

prime-field characteristic set. (Just apply the same construction to the subset.) This 
proves 

COROLLARY 4.2. For any k > 0, there are infinitely many prime-field characteristic 
sets containing exactly k primes. 

In general, it is unknown (and probably false) whether a subset of a finite 
prime-field characteristic set is again a prime-field characteristic set. 
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5. Cofinite prime-field characteristic sets. It is well known that {O} U [p, x0)p 
forms a cofinite prime-field set for any prime p (where [p, x)p denotes the set of all 
primes > p). See [2] for details. We wish to determine what other forms cofinite sets 
can take. In particular, we show that certain finite sets of primes can be excluded 
from these " upper interval" cofinite sets. 

Let n be a positive integer and let Q be an arbitrary set of k primes between n2 
and n2 + n (or n2 + n and (n + 1)2, resp.). Write pi = n2 + ri (n2+ n + ri, resp.) 
for eachp, EP Q, where 0 < ri < n for alli. 

Define the matrix M(Q) to be 

1 0 0 1 1 1 0 1 0 1 0 1 0 1 0 1 
0 1 0 1 1 0 1 -1 1 0 1 0 1 0 O 1 0 

0 0 1 1 0 1 1 0 -1 2 -2 3 -3 n -n -rk 

if the primes in Q are between n2 and n2 + n. If each pi e Q is between n2 + n and 
(n + 1)2, we define M'(Q) be deleting 

n 

from M(Q) and adding 

[nO1] and n + I]. 
n+1 0A 

Let C(Q) (C'(Q), resp.) denote the matroid configuration arising from the column 
dependences of M(Q) (M'(Q), resp.) over the integers. We state Theorem 5.1 
without proof. 

THEOREM 5.1. (1) C(Q) (C'(Q), resp.) is sequentially unique. 

(2) Xpf (C(Q)) = {0} U [ n2, x) - Q. 
(3) Xpf(C'(Q)) = {O) U [n2 + n, oo)p - Q. 

Finally, we note that if there are k primes between n2 and n2 + n (or n2 + n and 
(n + 1)2), Theorem 5.1 gives us 2k prime-field sets, of which only k + 1 are upper 
interval sets. 
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