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FIGURE 3

By Proposition 2.7, each f (T; ;) is irreducible. Since Z[t,z] is a unique
factorization domain,

k k
Hf(Tl,j): Hf(Tz,j)
Jj=1 Jj=1

implies that, after renumbering, f(T, ’ j) = f (T, j) for all j. But then, by
induction, T, = T, D since each T, ; must have fewer than n edges (as
k >1). Thus, T, = T,, and we are done.

3. GENERALIZATION TO GREEDOIDS AND EXAMPLES

As noted above, several of the ideas developed for rooted digraphs carry
over directly to the more general greedoid structure. We begin this section by
relating the polynomial f;(¢,z) defined on a greedoid G to the one variable
polynomial 4.(¢) defined in [1, Section 6]. We will need to define deletion and
contraction for greedoids.

Definition 3.1. Let G = (E, F) be a greedoid, with 4 C E . Define the deletion
G- A= (E - A, F)) by specifying the feasible sets F;, ={FC E - A4:Fe F}
and, if A is feasible, define the contraction G/A = (E — A,F,) by F,={F C
E—-A:FUuAe€F}. Thus G—A4 and G/A are both greedoids on the ground set
E — A. The reader can check that these definitions correspond to the intuitive
ideas of deletion and contraction given in Section 2 when G is a rooted digraph.

We now state the greedoid version of Proposition 2.5, the proof of which is
essentially the same as before.
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Proposition 3.2. Let G = (E,F) be a greedoid and let {e} be a feasible set.
Then f4(t,z) = fg),(t,2) + Q71 (t,2).

Since every greedoid of positive rank must have a feasible singleton, this
proposition gives a recursive way to compute f;(¢,z). On the other hand, if
r(G) = 0, then it is easy to see f;(¢,z) = (z+ 1)", where n = |E|.

The greedoid polynomial A;(¢) is usually defined in terms of basis activities.
Although the definition given below depends on an ordering of the elements of
E , the polynomial is independent of the particular ordering. If ext(B) is the
set of elements of E externally active in a basis B for some given ordering O
(that is, x is externally active in B if B < (BUXx)—y forall y in B such
that (BUx) —y is a basis) and B is the collection of all bases, then

Aty =3 N,

BEB;

Finally, recall e is a coloop in G iff e is in every basis of G. Again, more
details can be found in [1] or [2].

Theorem 3.3. Let G = (E,F) be a greedoid, with |E| = n. Then A,(t) =
f6(0,t-1).

Proof. First note that if r(G) = 0, then A,(¢) = t" and fo(t,z2) =(z + nt,
so the theorem is true in this case. Next, assume r(G) > 0. Let {e} be a
feasible set. We will show f.(t,z) satisfies the same recursion as A(¢) (see
[2, Theorem 9.6.2]).

Case 1. e is a coloop in G. Then r(G) > r(G—e), so f;(0,t-1) =
fG/e(O, t — 1) by Proposition 3.2.

Case 2. e is not a coloop in G. Then r(G) = r(G — e), so again by 3.2,
F50,=1) = 5, (0,6 = 1)+ f5_,(0,£ = 1).

But this is the same recursion from the reference mentioned above; since
f5(0,¢—1) and A;(¢) agree on trivial greedoids, we are done.

The following proposition follows immediately from the corank-nullity de-
velopment for the Tutte polynomial of a matroid [4] and the definition of f;.

Proposition 3.4. If G = (E, F) is a matroid, then Ty(x,y) = fo(x -1,y 1),
where T;(x,y) is the Tutte polynomial of G .

It is also worth interpreting the recursion given by 3.2 in the case when G is
a matroid. In this case, {e} is feasible if and only if e is not a loop. If e is
not an isthmus (coloop), then r(G) = r(G —e), so 3.2 gives f; = f;,, + fo_. -
If e is an isthmus, we have (by convention) G —e = G/e, r(G) =r(G/e)+1,
and t=x-1,s0 3.2 yields f; = fG/e +(x-Dfs_,=x fG/e. Finally, since
z=y—1,wehave f;=y" where r(G)=0 and |E|=n,i.., G consists of n
loops. These recursions are (essentially) the standard Tutte deletion-contraction
recursion for matroids. See [4] or [7], for example.
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It is also easy to generalize Lemmas 2.1, 2.2 and Proposition 2.4 to the gree-
doid case. We state these generalizations here for completeness. Recall that a
greedoid G is full if r(G) =|E(G)|, i.e., E is a feasible set.

Lemma 3.5. Let G be a greedoid.
a. The coefficient of ™" is the number of feasible singletons, where r = r(D).
b fg(1,1)=2FO1
¢. fg(1,0) = the number of feasible sets.
d. f;(0,1) = the number of spanning sets.
J5(0,0) = the number of bases.
[ If G is a full greedoid, then for any term ct®zb in fg» a>b. Further,
a=>b implies a=b=0.

®

Lemma 3.6. The following are equivalent:
1. G is a full greedoid.
2. f;(0,1)=1.
3. In every term the z exponent < the t exponent.
4. There is no pure z term.

The (unordered) direct sum of two greedoids is defined in precisely the same
way the direct sum of two rooted digraphs was defined. That is, the feasible
sets of G, ® G, are precisely the disjoint unions of the feasible sets of G, and
G, . The proof of the next proposition is essentially the same as the proof of
2.4.

Proposition 3.7. If G = G, ® G, , then f(G) = f(G,)- f(G,).

As with matroids, a special case of this proposition describes the behaviour
of f(G) for loops and isthmuses. In a greedoid G, an element e is a loop
if it is in no feasible set, and e is an isthmus if F is feasible precisely when
F U {e} is feasible (i.e., e can be added to or deleted from any feasible set).
Then, if e is a loop, we get f(G) = (z+1)- f(G —e), and, when e is an
isthmus f(G)=(t+1)- f(G/e).

We now give two counterexamples to show Theorem 2.8 cannot be extended
to rooted digraphs which are not arborescences (Example 3.8) or to full gree-
doids (Example 3.9). Example 3.9 also shows f; does not distinguish the class
of rooted arborescences.

Example 3.8. Let D, and D, be the two digraphs of Figure 4. Then the reader
may easily verify that f(D,) = f(D,) = (z + 1)(?z+ £ +t+ 1), but D, and
D, are clearly not isomorphic.

Example 3.9. Let E = {a,b,c} and define full greedoids G, = (E,F;) and
G, = (E,F,) with feasible sets given by F, = {J,{a},{b},{a,b},{a,c},
{a,b,c}} and F, = {D,{a},{b},{a,c},{b,c},{a,b,c}}. G, isthe directed
branching greedoid (rooted digraph) of Figure 5. Again, the reader can check
fG)=f(G) = +D)z+ @ +20 +2t+1) = 1+ 1)(Pz+P+1+1).
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FIGURE 4

However, it is easy to show that G, cannot be isomorphic to a rooted digraph,
so G, and G, are not isomorphic. Since G, is a rooted arborescence, this also
shows f(G) is unable to distinguish rooted arborescences within the class of
all greedoids (or even full greedoids, by 3.6). We also note that although f(G,)
factors, G, cannot be expressed as a direct sum of non-trivial greedoids. Thus,

the converse to 3.7 is false. .

0w

FIGURE 5

Remark 3.10. The definition of an isthmus in a greedoid, as given in the dis-
cussion following 3.7, is not uniformly accepted. In [2], for example, a coloop
is defined as an element e which is in every basis of the greedoid. Thus, for
full greedoids (in particular, rooted arborescences), every edge is a coloop. Our
definition is motivated by the direct sum properties of isthmuses in matroid
theory. Using our definition, an edge in a rooted digraph is an isthmus if and
only if it emanates from * and its terminal vertex has out-degree zero. For
example, in Figure 5, while every edge is a coloop, only b is an isthmus.
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Remark 3.11. If we define g(G) = A f(G), then we can rewrite the recur-
sion given in 3.2 as g(G) = t_lg(G/e) + g(G — e) . This follows from the fact
that r(G/e) = r(G) — 1 when {e} is a feasible set. We also note that 3.7 holds
for g(G), ie., if G=G, ®G,, then g(G) = g(G,)- g(G,).

Remark 3.12. Since there is a one-to-one correspondence between rooted di-
rected arborescences and rooted undirected arborescences, Proposition 2.7 and
Theorem 2.8 hold for rooted (undirected) graphs. The other results in Section 2
can also be translated to the undirected case. We leave the details to the reader.

We conclude with some conjectures and problems.

1. Show that Theorem 2.8 is true for a larger class of rooted digraphs, e.g.
for {D: every edge of D is in some feasible set}.

2. By Theorem 2.8, f(T') determines T when T is a rooted arborescence,
thus 7 can be reconstructed from f(7) in this case. In fact, the proof of the
theorem gives a recursive algorithm for doing this. It would be interesting to
construct other algorithms for reconstruction.
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