


Proposition 4. If G is a (connected) planar bipartite graph which is regular of degree
r and has n vertices in each color class, then the only possibilities for n and r are the
following:

@r=1landn=1,

®r=2andn =2,

(©r=3and n = 4, withn + 5.
Furthermore, each of these possibilities can be realized.

3. SEMI-REGULAR PLANAR BIPARTITE GRAPHS AND ARCHIMEDIAN
SOLIDS. When we allow a little more flexibility in our planar bipartite graphs, we
can get some more interesting examples. In this section we consider semi-regular
planar bipartite graphs.

Problem C. Determine all possible positive integers a and b (with a < b) such that
there is a semi-regular planar bipartite graph G in which every red vertex has degree a
and every blue vertex has degree b.

Suppose G is a semi-regular planar bipartite graph with m red vertices, each of
degree a and n blue vertices, each of degree b, where a < b. Then G has
v = m + n vertices and e = am = bn edges. By Corollary 3, am < 2m + 2n — 4.
Substituting m = bn /a and simplifying gives the inequality

1 1 1 2
Stpzyto (€3]
Thus, the only possible values for a and b are the following:

l.a=1land b >1,

2.a=2and b > 2,

3.a=3and b=4or5.

We again leave to the reader the construction of the appropriate graphs for the
first two cases above and turn our attention to the case where ¢ = 3 and b = 4. In
the smallest possible example, the inequality in (f) will be replaced by equality.
Solving for the number of edges then gives e = 24, so m = 8 and n = 6 (since
3m = 4n = e). From Euler’s formula, G must have 12 regions. Furthermore, each
region of (any planar drawing of) G is bounded by exactly 4 edges. We can now
construct G by modifying the graph B, constructed above (see Figure 2). As in the
modification which produced B, we again add two new vertices and six new edges
to B, but this time we don’t delete any old edges (see FiGURE 3). We denote this
graph by Cg q.

We can create an infinite family of semi-regular planar bipartite graphs with
a = 3 and b = 4 by modifying the graphs By, (for any k£ > 1) in an analogous way.
Add 2k vertices to B, and join each of these new vertices to three ‘blue’ vertices
of Bg,. We denote this family by Cy, g, for k > 1. See FIGURE 3 for a drawing of
C)2, 16> Which is a modification of B,.

Since we are considering semi-regular graphs, it is not surprising to discover a
connection between the graphs we have constructed and another family of semi-
regular graphs, the Archimedian solids. An Archimedian, or semi-regular solid has
the property that its faces are all regular polygons, but of two or more kinds, all its
vertices are identical and it can be circumscribed by a regular tetrahedron so that
four of its faces lie on the four faces of the tetrahedron. (Dropping the last
requirement concerning the circumscribed tetrahedron allows infinite families of
prisms and antiprisms and the pseudo rhombicuboctahedron. See Figures 2.10 and
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Figure 3

2.13 of [4].) There are 13 Archimedian solids, 11 of which can be obtained from the
five Platonic solids by truncation. Archimedes’ account of the 13 solids which bear
his name is lost, presumably in the great fire of Alexandria. Heron writes that
Archimedes ascribed the cuboctahedron to Plato. (See the historical notes in
Chapter 2 of [2] and the Foreword of [6].) Kepler’s book The six-cornered snowflake,
published in 1609, includes what is believed to be the first complete list of the 13
Archimedian solids, giving them the names by which they are still known.

What properties will the dual graph (Cy¢)* have? (For an introduction to
duality for planar graphs, see Chapter 15 of [7], for example.) Since every vertex in
Ce s has degree 3 or 4, every region in (C4 g)* will be bounded by 3 or 4 edges.
Further, since each region of C4 ¢ has 4 bounding edges, every vertex of (CG’S)*
will have degree 4. Finally, since Cqg is bipartite, every edge of (Cgg)* will
separate a triangle from a quadrilateral, so each triangle is surrounded by 3
quadrilaterals and each quadrilateral is surrounded by 4 triangles. Drawing (C¢ ¢)*
on a sphere, we find (Cy g)* is isomorphic to the cuboctahedron, an Archimedian
solid (see FiGURE 4). The faces of the cuboctahedron are two colorable (so that the
triangles can be colored red and the squares can be blue) and it can be constructed

(Cs,g)*-Cuboctahedron (D3, 0)*-Icosidodecahedron

Figure 4
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by truncating the eight vertices of an ordinary cube. More on building models of
this solid (and many others) can be found in [4] or [6], both of which have very nice
pictures.

We can also interpret (Cg g,)* as the graphs of 3-dimensional solids for larger
values of k. Again, each region will be bounded by either a triangle or a
quadrilateral and each edge will separate a triangle from a quadrilateral. But two
of the regions of Cg, g, are bounded by more than 4 edges, so two vertices of
(Cgy g )* will have degree larger than 4 (and so these solids will not be Archime-
dian). For example, in (C,, ¢)*, there will be two vertices of degree 8 and 20
vertices of degree 4. The vertices of degree 8 (which correspond to the internal and
external regions of C;, ,¢) will be incident to 4 triangles and 4 quadrilaterals each,
while the remaining 20 vertices will have 2 triangles and 2 quadrilaterals surround-
ing them. The reader is encouraged to draw a picture (or even build a model) of
(Cy3,16)*, which is ‘close to Archimedian.’

We can now apply the ideas developed above to the case where a = 3 and
b = 5. Again, in the smallest possible example, the inequality in (f) will be
replaced by equality. Thus, we are looking for a planar bipartite graph in which
there are 60 edges, and so m = 20 and n = 12. From Euler’s formula, this graph
will have 30 regions, each of which is bounded by exactly 4 edges. We can construct
such a graph using some of the ideas developed above; we denote the graph
D, 5. See FIGURE 5 for a drawing of this graph.

What does the dual graph look like this time? Proceeding as we did in
examining (C, ¢)*, we note that every region in (D, 5,)* will be bounded by 3 or 5
edges and every vertex of (D, 5)* will have degree 4. Further, every edge of
(D, ,0)* will separate a triangle from a pentagon (and so each triangle will be
adjacent to 3 pentagons and each pentagon will be adjacent to five triangles).
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Thus, (D, ,)* is also isomorphic to an Archimedian solid in which the regions
(faces) are two-colorable (see FIGURE 4). This Archimedian solid is the icosidodec-
ahedron, and it can be constructed by truncating the twenty vertices of a dodecahe-
dron.

As in the a = 3, b = 4 case, we can generalize the procedure to construct an
infinite family of planar bipartite graphs, denoted D,,; 4, With @ = 3 and b = 5.
We modify D, ,, in a way which is similar to the way we modified Cg 3 above to
produce this family. See Ficure 6 for a drawing of D,, 4, which has 64 vertices,
120 edges and 58 regions. (To simplify the picture, we have only labeled the 24
vertices of degree 5. All unlabeled vertices have degree 3 and should be labeled 1.)
A model of the dual solid (D,, 4)* will have 24 pentagons and 40 triangles. 56 of
the 58 vertices of this solid will be incident to 2 triangles and 2 pentagons; the
other 2 vertices will be incident to 4 triangles and 4 pentagons apiece. Again, this
solid is ‘almost’ Archimedian in the same way C,, |4 is almost Archimedian.

Figure 6

The two Archimedian solids used here, the cuboctahedron and icosidodecahe-
dron, are quasi-regular in the sense that the two kinds of faces are all regular and
a face of one kind is entirely surrounded by faces of the other kind. In fact, these
two solids are the only convex quasi-regular solids. (This follows from our work
above, or from Chapter 2 of [2].) We also remark that the graphs Cg g and D, 5
are mteresting enough to have their own names: Cy g is the rhombic dodecahedron
and D,,,, is the triacontahedron. Models of these two graphs (on spheres,
considered as solids) can be constructed so that each face is a rhombus.

These two solids were discovered by Kepler around 1611; in fact, the rhombic
dodecahedron occurs in nature as a garnet crystal. See Plate I in [2] for pictures of
models of these solids. Coxeter [2] gives an elegant construction to create a model
of the rhombic dodecahedron. Take two solid cubes and cut one of them into 6
square pyramids, based on the six faces, all sharing the center of the cube as the
common apex of the pyramids. Now glue the bases of these 6 pyramids to the 6
faces of the other cube. The resulting solid is the rhombic dodecahedron. (See also

1994] WORKABLE GEARS, ARCHIMEDIAN SOLIDS 533



Table 4.12 of [4].) As far as I know, the models for the higher order graphs Cg; g
and D,y 0, and their duals (for k > 1) have not been considered before.
Finally we remark that the question concerning which of these graphs can
actually be realized as gear arrangements, which was the motivation behind these
examples, remains open. Many of the graphs in this paper can easily be shown to
correspond to gear arrangements.
We conclude by summarizing the results of this section.

Proposition 5. If G is a (connected) semi-regular planar bipartite graph in which
every red vertex has degree a and every blue vertex has degree b (with a < b), then the
only possibilities for a and b are the following:

(@a=1andb>1,

M®)a=2andb > 2,

(c)a=3andb =4,

(da=3andb =>5.
Furthermore, each of these possibilities can be realized.
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A sine qua non for making mathematics
exciting to a pupil is for the teacher to be
excited about it himself; if he is not, no
amount of pedagogical training will make
up for the defect.”

—R. L. Wilder
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