Discrete Comput Geom 22:411-424 (1999)

Geometry

© 1999 Springer-Verlag New York Inc.

Convexity and the Beta Invariant

C. Ahrenst G. Gordor? and E. W. McMahoh

1school of Industrial Engineering and Operations Research,
Cornell University, Ithaca, NY 14853, USA
ahrens@orie.cornell.edu

2Department of Mathematics, Lafayette College,
Easton, PA 18042, USA
{gordong,mcmahoné@lafayette.edu

Abstract. We apply a generalization of Crapgssinvariant to finite subsets of". For

a finite subseC of the plane, we provg(C) = |int(C)|, where|int(C)| is the number of
interior points ofC, i.e., the number of points & which are not on the boundary of the
convex hull ofC. This gives the following formula} ", ,..(—1'*"}[K| = |int(C)|.

1. Introduction

We are concerned with applying a greedoid version of Cragoisvariant to finite
subsets ofi". The main result (Theorem 4.1) shows ti#&S) counts the number of
interior points ofSwhen Sis a finite subset of the plane. Our approach considers the
combinatorial structure of the finite point s@tvhich arises from the intersection &f
with convex sets ith". This associates a meet-distributive lattice wittvhich is called

the convex set lattice.

Finite subsets ofi" are classical examples in abstract convexity theory, a theory
which is dual (via complementation) to antimatroid theory. Antimatroids form an im-
portant class of greedoids, which have been studied in connection with convexity and
algorithm design. In fact, antimatroids have been rediscovered several times, having
been introduced by Dilworth in the 1940s. See [10] and pages 343—-344 of [1] for short
and interesting accounts of the development of antimatroids. More information about
greedoids and antimatroids can be found in [1] or [9], for example.

* This research was supported by NSF Research Experience for Undergraduates (REU) Grant DMS-
9424098.
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Convexity is a very well-studied and important area of pure and applied mathematics.
Several important invariants associated with finite point set¥'inave been considered
before. These include the Helly number, the Cazattory number, the Radon number,
and the Erd$—Skerzes number. See [4] or Section 3.4 of [9] for more information
concerning combinatorial invariants in convexity.

The 8 invariant is a well-studied invariant in its own right. Crapo defined ghe
invariant of a matroid in [3]. IM is a matroid, thems (M) is a nonnegative integer which
gives information about whethé¥l is connected and whethé is the matroid of a
series—parallel network. In particulgyM) = 0 iff M is disconnected (dvl consists of
a single loop) [3] an@ (M) = 1 iff M is the matroid of a series—parallel network {dr
consists of a single isthmus) [2]. A standard reference for many of the basic properties
of (M) is [11].

The generalization gf from matroids to greedoids appears in [5]. In this general-
ization, 8(G) can be any (possibly negative) integer. As in the matroid ¢8&8) is
defined using either the two-variable greedoid Tutte polynomial of [6], or, more directly,
the one-variable characteristic polynomiG; A) of [7]. We work directly withp(G; 1)
here.

In Section 2 we introduce the characteristic polynomial angstivariant for finite
point sets. We defing(G) interms of the characteristic polynomial and give two alternate
formulations, including an important deletion—contraction recursion (Proposition 2.3).
We also interpret deletion and contraction (which are greedoid operations) for finite
subsets ofi".

In Section 3 we give some straightforward consequences of the definitions and also
prove an elementary but crucial recursion (Lemma 3.4) which generalizes the standard
deletion—contraction recursion f8(S). This lemma is used to form an inductive argu-
ment in proving the main theorem.

Section 4 gives the main theorem of this paper, a geometric interpretatigg $or
whenSis a finite set of points in the plane. In particular, we show th@) = |int(S)|,
where intS) is the collection of interior points db.

It is interesting to note that this theorem is false for other examples in abstract con-
vexity. For example, whem is a tree, we fingg(T) = 2—|V| (using the usual geodesic
closure of vertices in the tree). Whéhis a chordal graph, theg(G) = 1 — b(G),
whereb(G) is the number of 2-connected blocks®f[5]. There is one other family in
abstract convexity where the theorem is true: wheis a tree, using geodesic closure
onedgeswe gets(T) = —int(T), where intT) is the number of interior edges f,

i.e., those edges daf which are not leaves [7].

Throughout this paper we assume no special familiarity with greedoids or antima-
troids. Although these structures form the background for our approach, we interpret our
definitions and results solely in terms of convexity.

2. Definitions and Fundamental Properties

We begin with a few familiar definitions from convexity. L8the a finite subset cRk".
For eachA C S, lett(A) = SN conv(A), where convp) is the convex hull ofA. t(A)
is called theconvex closuref A. Call a subseK of S convexf r(K) = K. Note that
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Sandy are always convex. A convex sktis freeif every subset oK is also convex.
The convex hull ofSforms ad-dimensional polytope, whee < n. Theboundaryof S,
denotedB(S), is the collection of points ddwhich are on théd — 1)-dimensional facets
of this polytope. We say € Sis anextremepoint of Sif x is a vertex of this polytope.
Theinterior of S, denoted in¢S), is the complement of the boundary: (8t = S\ B(S).
As usual,|S| denotes the number of points $

We now define the characteristic polynomial of a finite point$et

Definition 2.1. Let Sbe a finite subset ofi" with free convex set§. Then thechar-
acteristic polynomial pS; A) is defined as follows:

P(SiA) = (=D Y (=1,

KeC

This definition appears as Proposition 7 in [7]. This definitionp¢$; 1) is moti-
vated by the chromatic polynomial of a graph and its generalization to the characteristic
polynomial of a matroid. See [7] and [11] for more background.

We now defing3(S) for S C R".

Definition 2.2. Let Sbe a finite nonempty subset @f' with free convex set§. Then
B(S) is defined as follows:

B(S) =Y (—DNITHK].

KeC

Thus,
B(S) = (=D 1p(S D). 2.1)
The next proposition (Proposition 4.2 of [5]) giveeS) in terms of the convex closure
operatorz (A).

Proposition 2.1. Let S be a finite subset Bf'. Then

B(S =D (DA (A).

AcS

Of fundamental importance for the proofs in this paper is the recursion the character-
istic polynomial satisfies. We first interpret greedoid deletion and contractiSn\ve
do so by specifying the convex sets3ir- x andS/x, wherex is an extreme point d.

Definition 2.3. Let She a finite subset dft", let x be an extreme point i, and let
C C S\{x}.

1. Deletion:C is convex inS — x iff C U {x} is convex inS.
2. ContractionC is convex inS/x iff C is convex inS.

Deletion and contraction in greedoids are usually interpreted for feasible sets. Since
we are using convex sets as our fundamental building blocks, deletion and contraction
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Fig. 1. Deletion and contraction in a point configuration.

are essentially reversed (in spirit) from the usual interpretations. This follows because
the convex sets are simply the complements of the feasible sets.

Thus, the convex subsets 8fx are precisely the convex subsetsfvhich do not
include the poink. We can realize this structure by simply erasing the extreme goint
from the configuratiors, as in Fig. 1. Unfortuately, deletion is more problematic. For
deletion, we needpointedversion ofS, so that convex subsets $f x are in one-to-one
correspondence with the convex subsetSaethich contain the distinguished poirt
This means that the convex subset$ef x can no longer be realized by an ordinary set
of points infi" in general. We visualize the convex setSin x by makingx a “hollow”
point, as in Fig. 1. In this figurgla, ¢} is convex inS — x, while {b, c} is not, since
{a, ¢, x} is convex inS, but{b, c, x} is not.

Technically, we compute(S— x; A) and8(S— X) in a larger category, the category
of configurations which contain both ordinary and hollow pointK Ifs a free convex
set in a configuratio’ in that larger category, theK is still a free convex in the
configurationT obtained by replacing the hollow points with ordinary points. There is
no ambiguity in the order in which hollow points are created, because deletion will never
create new extreme points.

We define what we mean li(S; A) andB(S) inthe cases where all the extreme points
of Sare hollow; we then give a recursion which will allow computatiorp¢$; A) and
B(S) inall cases. Finally, we demonstrate that the definition and recursion are consistent
with our original definitions ofp(S; A) ands(S).

Definition 2.4.

1. If Sconsists ok > 0 hollow points, therp(S; A) = 1 andg(S) = —k.
2. If Sconsists of hollow points with one or more ordinary points in the convex hull
of those hollow points, thep(S; A) = 0 andg(S) = 0.

Notice that ifS consists ok hollow points alone, then those points must form a free
convex subset of the original configuration. This is because each point must be extreme
at the time it is deleted; and once a point becomes extreme, it remains extreme. Also
notice that ifS consists of hollow points with one or more ordinary points in the convex
hull of those hollow points, then the ordinary points are greedoid loops. A goma
greedoidG is a greedoid loop if it is in no feasible set@f sox is in every convex set.
Greedoid loops will not appear in ordinary point configurations; they can only occur in
configurations with hollow points. Botp(S; A) = 0 andg(s) = 0 if Shas greedoid
loops; this follows from the definition gb(S; 1) in [7].
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The proof of the next result follows from our definitions of deletion and contraction
and Proposition 3 of [7].

Proposition 2.2. Let x be an extreme point of a set™en
P(S A) = Ap(S—X; &) — P(S/X; 4).

The next proposition, which appears as Proposition 2.2 in [5] (in terms of greedoids),
gives the recursion fo8(S) in terms of deletion and contraction.

Proposition 2.3. Let x be an extreme point of hen
B(S) = B(S/X) — B(S—X).

Proof. Assume|S| > 1. We differentiate the recursive formula in Proposition 2.2 to
obtain

B(S) = (DS p(S2) = (=D [P(S—x: 1) + AP (S—X: 1) — P'(S/x: V)] .

Proposition 5 of [7] shows thap(S; 1) = 0 for S # ¢, so we multiply through by
(=151 setr = 1, and use (2.1) fg8(S) to obtains(S) = (—1)(B(S—x) — B(S/X)),
as desired.

If S= {x},thenB(S) = 1. S/x = ¥ and S — x consists of a single hollow point.
Thus, the recursion give&(S) = B(S/X) — B(S—x) =0— (—1) = 1, as desired. O

Definition 2.4 and the recursive procedure are consistent with Definition 2.2. We
demonstrate the correspondence in the following example.

Example 2.1. We give a simple example of how to compupgS; 1) or (S) via
Propositions 2.2 and 2.3 and Definition 2.4. [®be the configuration consisting of
three collinear points at the top of Fig. 2. Repeated deletion and contraction yields the
computation treef smaller configurations of Fig. 2. Computation trees are introduced
and studied in [8]. In the figure we use the convention that the left child of a configuration
is obtained by contraction and the right child is obtained by deletion.

a b $
//" \\
a o/ ob a® ® 0()
yd \\ / \\\\
ae ae o(b) be o(o) o e o
/ 2N / ‘\\\ (a) b (C )
// \ // \\,\ /// \\

o) 00
2 @ ® v © b

Fig. 2. A complete computation tree.
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The configurations appearing at the terminal leaves of this tree consist solely of hollow
points or configurations of hollow points with nonhollow points in their convex hull. The
former configurations are all the free convex set$SoT he latter configurations were
convex sets which were not free in the original configuration; they do not contribute to
p(S; A) or B(S) by Definition 2.4(2). To show that any free convex set will appear at
the bottom of the computation tree, létbe a free convex set. At each splitting of the
binary tree, if the point being deleted and contracted K jrfollow the deletion side,
otherwise follow the contraction side. Since free convex sets are those where every point
is extreme, the points not ik will be contracted and thus removed, while the points
in K are deleted, become hollow, and are left at the bottom of the computation tree.
This allows us to “read off” the terms in the expansions [i¢5; ) or 8(S) given by
Definitions 2.1 and 2.2 from the tree. By Propositions 2.2 and 2.3 and Definition 2.4,
we getp(S; 1) = —202 + 31 — 1 andB(S) = 2(—2) + 3(1) + 0 = —1. (Note that
the powers of arise from the factor of appearing as a coefficient p{S — x) in the
recursion forp(S).)

For B(S), we remark that a configuration kfhollow points appearing at the bottom
of the computation tree yields a summand-efl)*~1(—k) by Proposition 2.3 and Def-
inition 2.4(1). However, this is precisely the summand a free convex set contributes to
B(S) by Definition 2.2.

Thus, the computation tree gives us an expansion for Ipg®) and 8(S). This
example shows how it is possible in general to see that the recursive procedures of
Propositions 2.2 and 2.3 and Definition 2.4 are consistent with our original Definitions 2.1
and 2.2 of the characteristic polynomial and thivariant.

We finally note that we now have three different ways to compy®: via Defini-
tion 2.2, the expansion of Proposition 2.1, and the recursive procedure outlined above. A
more complicated version of the recursion which holds in the planeis givenin Lemma 3.4.
This recursion will be the key step in proving the main theorem.

3. Some Preliminary Results forp(S; A) and 3(S)

Although the characteristic polynomial determines the number of free convex subsets
of sizek for all k, it does not uniquely determine the combinatorial structur&.dh

fact, the following example shows that the number of extreme poin&ignot even
determined by the polynomial.

Example 3.1. Let S and$; be the two configurations of Fig. 3. Then
P(Si A) = p(S; 4) =443 —8r 2+ 54 — 1.

Note thatS, has three extreme points whi has four. Note thag(S) = (&) = 1;
each configuration has one interior point (see Theorem 4.1 below).

Our next result simply computgx S; 1) for some standard configurations which we
will need later. The proofs are straightforward.
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Fig. 3. Configurations with the same characteristic polynomial.

Proposition 3.1. Let S be a finite set of points %"
1. If all points in S are extremehen
P(S A = (=D -n.
2. If the finite point set S consists of k points on a liten
PS M) = (DL - DL — (k= D).
3. If the finite point set S consists ofk1 points on a line and a single point not on
that line then
P(S ) = (DA - V*(L— (k—2)1).
The following result gives values for some of the coefficients of the characteristic

polynomial. The proof follows from considering the free convex sets of the corresponding
sizes and applying Definition 2.1.

Proposition 3.2. Let S be a finite set of k points i’ and let
PO) = (—D*1L —ah + 8% — - + (=Dt 1 T+ (- DFank),

where a is the number of free convex sets of siz&len

1. a4 = k,
2. if Iy is the number of m-point lingthen g = ) (M — D,
3.
] 1 if all points in S are extreme
& = 0 otherwise

We also need the following facts abgitS). The proofs follow from Proposition 3.1
and the definitions.

Proposition 3.3. Let S be a finite set of points iR

1. If Sis aset of k points on a lintheng(S) = 2 — k.

2. Ifall points in S are extremeheng(S) = 0; in particular, if S is the set of A 1
vertices of a simplex il", theng(S) = 0.

3. If S consists of the A 1 vertices of a simplex ifk" together with the barycenter
of this simplextheng(S) = (—1)".
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Finally, we have the following lemma, which is of central importance in proving The-
orem 4.1. We note that contraction of several extreme points is a commutative operation,
so we writeS/xy for (S/x)/y = (S/y)/X.

Lemma 3.4. Let S be a finite set of points in the planet all on a ling with at least
one interior point Then there must exist three extreme pointg,>and z with some other
pointw in their convex closurdn this case

B(S) = B(S/X) + B(S/Y) + B(S/2) — B(S/XY) — B(S/XD) — B(S/yD) + B(S/XY2.

Proof. The existence of, y, andz follows by triangulating the convex hull &. If w
is an interior point ofS, thenw lies in one of the triangles,

We prove the formula using repeated applications of the recuBi@&— x) =
B(S/x) — B(S), which is obtained from Proposition 2.3. We also note that, because
X, Y, andz are all extreme points, deletions and contractions of several points may be
done in any order. Then

B(S) = B(S/X) — B(S—X)

= B(S/X) = [B(S=X/Y) = B(S—x —Y)]

= B(S/X) — [B(S/XY) — B(S/P] +[B(S=x—Y/2) = B(S— X~y —2)]

= B(S/X) + B(S/Y) — B(S/xy) +[B(S/yz—X) — B(S/2—X)]
—B(S—x-y-2

= B(S/X) + B(S/Y) — B(S/xY) + [B(S/xy2) — B(S/y2)]
—[B(S/x2) = B(S/2)] = B(S—=X—Yy—2)

= B(S/X) + B(S/Y) + B(S/2) — B(S/Xy) — [B(S/x2) — B(S/y2)]
+ B(S/XYyD — B(S—=X—-Yy —2).

The result now follows from the fact thg#@(S — x — y — z2) = 0, from Defini-

tion 2.4(2). O

This result generalizes to higher-dimensional configurations, but we will not need
these generalizations here.

4. The Main Theorem

In this section we state and prove our main result alsg® whenSis a subset of the
plane.

Theorem 4.1. Let S be a finite subset of the plane which does not lie on aTimen

B(S) = int(S)].
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The proof of Theorem 4.1, which we give below, is structured as follows: We use
the formula from Lemma 3.4 and induction to rewrit€S) as a sum (or difference) of
lint(T)| for the seven smaller configuratiofisappearing on the right-hand side of the
formula. We first treat the degenerate cases in which the induction hypothesis cannot be
applied, i.e., when the points of some subconfiguraliall lie on a line.

We should note here that our notion of interior is simply the topologiekative
interior. For example, is consists ok points on a line, thets will have k — 2 interior
points; in this cased(S) = (—1)(k — 2) by Proposition 3.3(1).

We then assume each subconfigurafioappearing in the formula from Lemma 3.4
is two-dimensional, so that the inductive hypothesis allows us to regld€e with
lint(T)| for eachT. We then show that every interior poiptof Sis counted precisely
once on the right-hand side of the formula by a careful case-by-case analysis of which
subconfiguration3 do and do not contaip as an interior point. This has an inclusion—
exclusion flavor, which is not surprising in light of the formula of the lemma.

Before proving the theorem, we prove a special case as a lemma.

Lemma4.1l. Let S be a finite subset of the planegith no interior points Then

B(S) = 0.

Proof. If every point of Sis an extreme point, thef(S) = 0 by Proposition 3.3(2).
In particular, when the convex hull &is a line segment, thes consists of two points
(sinceS has no interior points), sB(S) = 0.

We now assume the convex hull 8fs two-dimensional and proceed by induction on
n = |S|. The smallest configuratio8 with a two-dimensional convex hull containing
nonextreme, noninterior points is the configuration consisting of a three collinear points
with one point off the line. It is easy to check thatS) = 0 for this configuration.

We now assume > 4 (and thatS has a two-dimensional convex hull which contains
no interior points). We may further assume ttf&atontains nonextreme, noninterior
points (or els&s contains only extreme points). Then there are extreme poiatsly in
Sso that the line segmeRyy contains some other point of Sin its (relative) interior.

As in the proof of Lemma 3.4, we get a reduction formulag¢B) solely in terms of
contraction.

B(S) = B(S/X) + B(S/Y) — B(S/xY).

Sincen > 4, the smaller configuratiorS/x, S/y, andS/xy all have two-dimensional
convex hulls (and, of course, these configurations contain no interior points). Then
B(S/X) = B(S/y) = B(S/xy) = 0 by induction, so we are done. O

We are now ready to prove Theorem 4.1.

Proof. We may assum& contains interior points and the convex hull 8fis two-
dimensional. In order to apply induction to the configurat)mwe use the formula of
Lemma 3.4.

LetV C {x, Y, z}. When all of the points in the contracted configurat®tV lie on
a line, the induction hypothesis does not applg &/ V). Therefore, we must consider
several degenerate configurations separately in the inductive proof, applying Lemma 4.1
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Fig. 4. The three types of configurations in which @)xy is linear and (b)S/xyzis linear.

and Proposition 3.3(1) whenever necessary, i.e., whenever the contractiopn ahdz
reduces the dimension of the convex hulBfor those degenerate cases in which there
are no interior points irs, 8(S) = 0 by Lemma 4.1.

For each of the degenerate configurati@sonsidered, we let = |int(S)|. For
each of the configurations of Fig. 4(a) and (b), we use the formula from Lemma 3.4.
The results are summarized in Table 1, where we comp(Ee for all the degenerate
configurations. In each casg(S) = k by the lemma, as required.

We are now ready to prove the general case by induction on the number of pdnts in
The base case consists of all configurations of fewer than six points, which are included
among the degenerate cases considered above.

Table 1. ComputingB(S) for six degenerate configurations.

S B BESY) B(SD BE/XY) BES/xD S/ B(S/xyD
S oD o k—1® —_k@ o o 1—k®@
S oW oW k—1® 1—k® oo oW 2 k@
S oo o k—1® —k®@ oD o 1—K®
S oW k—1® k—1® o oo oW 2 k@
S oo k—1® k® oW o oo 1—k®@
S o k® k® o oD oD —_k®@

@ By Lemma 4.1.
@ By Proposition 3.1(1).
® By induction.
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We now assume th& consists ofn points whose convex hull is two-dimensional,
wheren > 6, thatS has at least one point in its interior, and that all configuratibrug
fewer tham points (whose convex hulls are two-dimensional) satisfy) = |int(T)]|.
Thus, Lemma 3.4 gives three extreme poiriy, andz in S whose convex closure
contains a fourth poinb of S. We assume further th&/xyzis two-dimensional (since
the situation where it is not has been taken care of above). Then again by Lemma 3.4,
we know that

B(S) = B(S/X) + B(S/Y) + B(S/2) — B(S/xY) — B(S/Xx2) — B(S/y2) + B(S/XYy2D.

By induction, ifV is a nonempty subset ¢X, y, z}, theng(S/V) = |int(S/ V).

We first make a general observation that proves quite usefup keSand lefT C S.
Recallthatp ¢ int(S/T) (whereS/ T is the subconfiguration @ obtained by removing
(contracting) the points of) iff p € B(S/T), the boundary o5/T.If U C T C S
and neithelS/T nor S/U consists solely of points on a line, thenz int(S/U) implies
p ¢ int(S/T). This follows because ip has become a boundary point when some points
are contracted, thep will remain a boundary point if more points are contracted. The
contrapositive of this statement is

ifUCTC Sandp €int(S/T), thenp € int(S/U). @)

The converse is false; see Fig. 7 and the discussion following this proof.

We now wish to show that the total contribution pfe Sto the right-hand side of
the recursion of Lemma 3.4 equals 0 whek int(S) and equals 1 whep € int(S) by
adding the positive and negative contributiongpdb each of the seven terms appearing
in the recursion.

If p¢int(S), thenp ¢ int(S/V) for each nonempty subs¥t of {x, v, z}, by ().
Thus the contribution op to 8(S/V) is 0 for each suclV, so the contribution op to
B(S) is 0 by Lemma 3.4.

Now assumep € int(S). We consider five cases:

Casel: p € int(S/xy2. By (1), p € int(S/xy), p € int(S§/x2), p € int(S/y2),
p € int(S/x), p € int(S/y), andp € int(S/z). Thus, the total contribution g to 8(S)
isl+1+1—-1—-1-1+1=1, asdesired.

For the remaining four cases, we note that sipc¢ int(S/xy2, p is a boundary
point of S/xyz There are two types of configurations, which we lahelnd B, where
this can happen; see Fig. 5. Each configuration subdivides the plane into four regions,
which we label I, 11, 1ll, and IV, as shown. For our purposes, region Il does not include
the points on its bounding line(s), while regions Il and IV do. Our goal is to determine
wherex, y, andz were in the original configuration.

Case2: p € int(S/xy), p € int(S/x2), and pe int(S/yz). First suppos&/xyzis Type
A. Thenp € int(S/xy) forcesz € lll. Similarly, p € int(S/x2) andp € int(S/yz) force
X, y € lll. However, {Xx, y, z} < Ill implies the convex closure di, y, z} contains no
interior pointw of S, contradicting the choice of, y, andz.

Now if S/xyzis Type B, the same argument again for¢gsy, z} < lll, again
contradicting the choice of, y, andz. Thus, this case cannot occur.
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Type A. Type B.

Fig. 5. The two possible configurations f&/xyz

Case3: p € int(S/xy), p € int(S/x2), but p ¢ int(S/yz). By (1), p € int(S/x),
p € int(S/y), andp € int(S/z). Thus, the total contribution gfto 5(S) is1+1+1—
1-1=1, asdesired.

Cased: p € int(S/xy), but p ¢ int(S/x2) and p¢ int(S/y2). By (1), p € int(S/x) and
p € int(S/y); we show thaip ¢ int(S/z). For Type A or Type B, we havee Il (as in
Case 2), bup ¢ int(S/x2) andp ¢ int(S/y2) imply thatx ¢ llland y ¢ IlI.

Now suppose € int(S/z). For Type A or B, this forces the line segment determined
by the pointsx andy to pass through region lIFor Type B, this places eitheror y in
region lll, which is a contradiction. For Type A, we must have Il andy < IV (or
vice versa). However, then the convex closuréxafy, z} contains no interior poini
of S, again contradicting the choice »fy, andz.

Thusp ¢ int(S/z), so the total contribution gbto 8(S)is 1+ 1— 1 =1, as desired.

Caseb: p ¢ int(S/xy), p ¢ int(S/x2), and p¢ int(S/yz). Sincep € int(S), we must
show thatp is included in exactly one of the three setg 8yix), int(S/y), or int(S/z).
By assumption, we know none &f y, or z is in the interior of region Il for either
Type A or B. p € int(S) implies the triangle determined by y, andz must intersect
region lll. This means that (at least) one of the line segmepixz, or yz must pass
through region Ill. For Type B, this places one of these points in region Ill, which is a
contradiction.

For Type A, assumay passes through Ill so thaty is a bounding line segment in
the convex hull ofS. Thenx € Il andy € IV (or vice versa), and clearlp € int(S/z).
Supposep € int(S/x). Then the segmentz would also pass through region Ill, so
X, Yy, and z are situated as in Fig. 6. However, then the convex closur of, z}
contains no interior pointv of S, again contradicting the choice g&f y, andz. Thus

Fig. 6. The possible location of, y, andz in Case 5.
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Fig. 7. int(S/xy) # int(S/x) Nint(S/y).

p ¢ int(S/x), and a similar argument shows ¢ int(S/y). Hencep is counted as an
interior point precisely once in the recursive formula gg5) (Lemma 3.4), in the term
int(S/z).

Thus, in all cases, the point is counted precisely once on the right-hand side of
our recursive formula whep € int(S) and counted 0 times whep ¢ int(S). This
completes the proof. O

We note that the proof of Theorem 4.1 would be simpler if it were true that a point
is interior in S/xy if and only if p is interior in bothS/x and S}y, i.e., if int(S/xy) =
int(S/x) Nint(S/y). This would allow a simple inclusion—exclusion argument to finish
the entire proof (after the degenerate cases are disposed of). This is false, however, as
the configuration in Fig. 7 shows is interior in bothS/x and S/y but is not interior
in S/xy. (Note thatp will be interior in S/z, S/xz, andS/yzin this case, so the count
from the recursive formula of Lemma 3.4 still gives 1.)
Finally, the combination of this result, part 1 of Proposition 3.3 and Proposition 3.3(3)
motivates the following conjecture.

Conjecture 4.1. Let S be a finite subset @, with the convex hull of S of dimension
n. Then

B(S) = (=D"int(S)|.

The conjecture is true in one and two dimensions.
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Added in proaf Paul Edelman and Victor Reiner have recently proven Conjecture 4.1
for all dimensionsn > 2. Their proof uses methods from combinatorial topology and
extends to other examples of convex geometries.



