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Figure 4 Permutahedron (left) and truncated permutahedron (right)

Table 1
Reflections Subgroup  Zonotope Symmetry group
1 allé Sy permutahedron  S4 X Z,
2 (1)), (k), (k) S3 hexagon Ds
30 (i), (kD) 7, x7, square Dy
4 (i) 7, segment 7

Tetrahedron: symmetry group = Sy;
Cube or octahedron: symmetry group = Z3 0 S3 = Sy x Z;;
Dodecahedron or icosahedron: symmetry group = As x Z,.

For each of these symmetry groups, we list the possible reflection subgroups whose normal
vectors give the matrices that generate the associated zonotope. We also remark that the
matroid automorphism groups Aut(My ) for the subgroups of the tetrahedron and cube
symmetry groups are determined by Theorem 4.6.

Tetrahedron
Our full generating matrix of normal vectors is

1 1 1 0 0 0
-1 0 0 1 1 0
T= 0O -1 0 —-1 0 1

There are four different nontrivial subgroups generated by reflections (from Section 2):
S4,83,Z, x Z»,Z,. See Table 1 for the associated zonotopes and their symmetry groups.
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Table 2
Reflections Subgroup Zonotope Symmetry group
1 all9 Sy X Z» truncated Sy X Z»
permutahedron
2 (11*), (22*),(33*) Z2 X Z2 X Zz cube S4 X Z2
3 2 1 reflections 7, X 1) square Dy
4 1 reflection 7, segment 7,
5 3 reflections through a point S3 hexagon D¢
6 ("), (") G, (GG Dy octagon (not regular) Dy
7 all except (117),(227),(33") S4 permutahedron S4 X Zy

Cube or octahedron
The generating matrix of normal vectors is

1 001 1 1 1 0 O
cC=(0101 -1 0 O 1 1
0010 0 1 —-11 —1

This time, there are seven different subgroups generated by reflections (from Section 4).
See Table 2 for the associated zonotopes and their symmetry groups.

We examine line 7 of Table 2 in more detail. The generating reflections correspond to
the Puff signed graph +K3, ie., this subgroup is OF. The matroid MO; = M(Ky), the cycle
matroid on Ky, giving W = S by Theorem 4.6(2). This does not happen again; W % S,
for any n #* 4 (for this class of subgroups W). (This is because the convex hull of the
alternate vertices of a hypercube do not form a simplex in dimensions higher than 3.)

Dodecahedron or icosahedron
There are 15 reflections in this symmetry group. A generating matrix of normal vectors is

0 0 —¢2 2 2 2 1 Tt —1 1t 1 -1 1 1
D=0 = O 1 1 -1 1 =2 2 2 2 1 T -1 T ,
0 0 = T -1 T T 1 -1 1 1 & 2 2 72

where 7 = (1 + \ﬁ) /2 is the golden mean. Then each normal vector is parallel to some
edge of the icosahedron. See [4] for more details on coordinates of Platonic (and other)
solids.

Rather than list all possible subgroups of reflections, we concentrate on two examples.
First consider edges {ey,...,es} of the icosahedron which bound a regular pentagon, and
let H be the subgroup of A5 x Z, generated by reflections in the five planes with normal
vectors {ey,...,es}. Then, H = Ds, the symmetry group of a regular pentagon. Then, in
analogy with the subgroup of line 2 of Table 1 (in which the three reflecting planes bound
an equilateral triangle and the zonotope is a hexagon), we get that Z(Ny) is a regular
decagon, with symmetry group Djo.

As a second example for the icosahedron, let H = As x Z,, the full symmetry group.
Then Z(Ny) is the rhombitruncated icosadodecahedron, another Archimedean solid. See
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Figure 5 Zonotope for icosahedron

Figure 5 for a drawing of this solid, which has 15 reflecting planes. Then Sym(Z (Ny)) =
H = As X 7.

Note that in every case in Example 1, the number of vertices of the zonotope Z(Np)
is the size of the subgroup H. We also note that Z(Npg) always has at least as much
symmetry as H. This motivates our concluding proposition.

Proposition 6.1. Let Z be the zonotope associated with the hypercube Q,. Then
Sym(Z) = 0,.

Sketch of proof. The truncated permutahedron has 2"n! vertices, and each vertex has

coordinates of the form (oyry,...,o,r,), where each o; = +1 and (ry,...,r,) is some
permutation of (1,3,5,...,2n — 1). We arrange these vertices into ‘clumps:” Two vertices
(c1r1, ... 0ry) and (B1Sy,. .., fasy) of the truncated permutahedron are in the same clump

if o; = p; for all i.

If vertices v and w are in the same clump, then there is a sequence of vertices
v = ug,u,...,u_1, Uy = w with distance d(u;, ui1) = 2ﬁ for all 0 < i < k. Further, if
two vertices are in different clumps, then they cannot be 2./2 units apart. Thus, the 2"
clumps correspond precisely to the 2" vertices of the hypercubes, so any isometry of the
hypercube is an isometry of the truncated permutahedron, and vice versa. ]
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In 3 dimensions, this proposition says that the cube and the rhombitruncated cubocta-
hedron have the same symmetry groups (see Figure 4).
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