DISTINGUISHED VERTICES IN PROBABILISTIC ROOTED
GRAPHS

GARY GORDON AND EKATERINA JAGER

ABSTRACT. The expected number of vertices that remain joined to the root
vertex s of a rooted graph G5 when edges are prone to fail is a polynomial
EV(Gs;p) in the edge probability p that depends on the location of s. We
show that optimal locations for the root can vary arbitrarily as p varies from 0
to 1 by constructing a graph in which every permutation of k specified vertices
is the ‘optimal’ ordering for some p,0 < p < 1. We also investigate zeroes of
EV (Gs;p), proving that the number of vertices of G is bounded by the size of

the largest rational zero.

1. INTRODUCTION

When the edges in a rooted graph fail, the number of vertices adjacent to the
root may be diminished, and this may have important consequences for repair of
the network. We are interested in the expected number of vertices which remain
connected to the root vertex in a probabilistic network. We assume each edge of the
network independently operates with the same probability p, and the vertices of the
network can not fail. These somewhat unrealistic assumptions are the standard ones
of network reliability, and have surprising applications and connections with other
areas of mathematics and statistical physics. See [8] for an extensive introduction
to network reliability and the reliability polynomial of a graph.

In this work, we are interested in the situation when one vertex of the graph is
distinguished as a root vertex. Then the expected number of vertices reachable from
the root will be a polynomial in p that we denote EV (G p), and this polynomial may
be taken as a measure of the reliability of the rooted network. A related invariant
has been studied by Colbourn [9] (called network resilience) and Siegrist [17] and
also by Siegrist, Amin and Slater [2, 3, 18] (called pair connected reliability). More
motivation and background can be found in [4]. This paper continues the study
initiated in [1] and [4].
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For a given graph, a fundamental problem concerns the optimal location for
the root vertex. Let G be a graph and let s be a vertex of GG, and let G4 denote
the rooted graph obtained by rooting G at s. For each vertex s in the graph, we
can compute EV(Gg;p) to determine the best location for the root. We generally
expect the location of the optimal vertex to depend on the value of p. For example,
if p is close to 0, then the optimal location for the root is simply the vertex of
highest degree (when there is a unique such vertex); when p is close to 1, we expect
most edges of the graph to survive, so a more centrally located vertex is a better
choice for the root.

How often can the optimal vertex change as p varies from 0 to 1?7 This question

is our primary motivation:

Problem: Construct a graph G with adjacent vertices v and w
such that the graphs of the polynomials EV(G,;p) and EV (G.;p)

cross more than once as p varies from 0 to 1.

We give such a construction in Proposition 2.5. Using completely elementary
techniques, we construct a tree T' in which the optimal location for the root vertex
changes arbitrarily often between two adjacent vertices as p varies from 0 to 1.

The problem of reliability polynomials crossing has been studied before. The all-
terminal reliability R(G) of a graph G is the probability that the graph is connected
when each edge is independently subject to failure. This well-studied invariant [8]
is also a polynomial in p. Kelmans [14] constructs examples of pairs of graphs
G1 and G5 with the same number of vertices and edges having the property that
R(G1) — R(G3) can have an arbitrary (finite) number of roots between 0 and 1,
so neither G; nor GGo can be considered ‘better.’” Kelmans also proves similar
results for two-terminal reliability, another polynomial that gives the probability
that two distinguished vertices remain connected. Similar examples concerning the
non-existance of uniformly optimal graphs appear in [13] and [15].

In the other direction, optimal graphs do exist in certain circumstances. For pair-
connected reliability, Siegrist, Amin and Slater [18] determine the optimal unicyclic
graphs. We emphasize the difference between these approaches and ours: Rather
than determine an optimal graph with given parameters (n vertices and m edges),
we assume the graph G is given and determine the potential optimal roots among
the vertices of G.

The construction used in Proposition 2.5 can be generalized so that the optimal
location for the root can vary among k > 2 vertices as p varies from 0 to 1. Using
a slightly more complicated argument (but elementary techniques, as before), we

construct a graph G on n vertices with k distinguished vertices S = {vy,..., v} so
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that, for any permutation 7w € Sy, we have, for any u ¢ S and some 0 < p < 1,
EV(Gy,y;ip) > EV(Gy,);p) > > EV(Gy,,5p) > EV(Gu;p).

In Section 3, we consider a combinatorial interpretation of EV(Gg;p). In par-
ticular, we find bounds on the zeroes of EV(Gg;p) in terms of n, the number of
vertices. Our main result in this direction is Proposition 3.1, namely, the number
of vertices is bounded by the size of the largest rational root, and this bound is
sharp. This connection is a bit mysterious to us; EV(G,;p) has no immediate
physical interpretation in terms of probability for values of p > 1. In addition, we
construct rooted graphs with polynomials having specified positive integer zeroes
(Proposition 3.4) and specified negative rational zeroes (Proposition 3.2).

We point out that the proofs of all of these results are routine; the only tools we
need are standard techniques for manipulating polynomials. Furthermore, many
of our constructions are based on trees, and EV (T;p) is especially simple in this
case. The fact that so much freedom is allowed for vertex location in these cases
indicates how difficult the general problem of vertex location is. This is explored

in some detail for other families of graphs in [1, 4, 10, 11].

2. OPTIMAL ROOT VERTEX LOCATION

Let G be a graph with root s, let E denote the edges of G and suppose each edge
of the graph has the same independent probability p of operating. For a subset of
edges S C E, we let r(S) denote the number of vertices (besides the root) in the
component of the subgraph S that contains the root. (r(S) is the pruning rank of
the branching greedoid associated to Gj.)

Then the expected rank of a subset of edges is given by

(1) EV(Gsip) = Y r(S)p¥l(1 —p)lE=5l.
SCE

For a vertex v € V, let Pr(v) denote the probability that v remains connected to
the root vertex s. The following expression follows immediately from the additivity

of expected value:

(2) EV(Gip) = Y Pr(v).

veV—{s}

This gives a very easy way to interpret EV (Ts;p) when T is a tree.
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Proposition 2.1. [Corollary 2.6 of [1]] Let Ts be a tree rooted at s, and let a;

denote the number of vertices at distance exactly i from s. Then
EV(Tsp) =) aip'.
i>0
For a graph G with vertices u and v and a fixed p between 0 and 1, we write
u >p v if EV(Gy;p) > EV(G,;p). For all but a finite number of values of p, this

induces a total ordering of the vertices of G. The next example motivates the main

result of this section.

Example 2.2. Let G be the graph of Figure 1. Then we have

EV(Gy;p) = 5p+5p? +p° + 3p* —6p°
EV(Gaip) = 4p+8p*+6p® —4p°

EV(Gs;p) = 3p+11p? +5p> — 3p* — 2p°
EV(Gyp) = 5p+2p*+ 7p° + 5p* — 3p° — 2p°

FIGURE 1. Graph illustrating vertex ordering >,.

In Table 1, we list the ordering of the vertices 1 — 4 for various values of p.
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p range >, Order
0 <p<.1765... |1>,4>,2>,3
A765... <p<.2491... | 1>,2>,4>,3
2491... <p<.d 1>,2>,3>,4
5 <p<l1 3>,2>,1>,4

TABLE 1. Optimal vertex ordering for graph of Fig. 1.

We are interested in creating graphs in which the induced order >, will achieve
any permutation of a specified collection of k vertices for some value of p between
0 and 1. When k = 2, we can accomplish this using trees.

We will need the following lemma that follows immediately from Proposition 2.1.

Lemma 2.3. Let f(p) = > ,_, axp®, where each ay, is a positive integer. Then
there is a rooted tree Ty with EV (Tg;p) = f(p)-

The next lemma shows how to construct a tree in which adjacent vertices can

swap arbitrarily often as p varies from 0 to 1.

Lemma 2.4. Let h(p) be any polynomial with integer coefficients such that h(0) =
h(1) = 0. Then there is a tree with adjacent vertices u and w such that EV (Ty;p) —
EV(Tw;p) = h(p).

Proof. Let (u,w) be an edge of T and let 7" and T" denote the two subtrees that
remain when (u,w) is deleted. Then we express EV (T,;p) and EV (T,;p) in terms

of the polynomials on the rooted subtrees T}, and T),:
EV(Tu;p) = EV(Ty;p) + pEV(T,:p) +p

and
EV(Tw;p) = EV(T.;p) + pEV(T,; p) + p.

Thus EV (Tu;p) = EV(Tw;p) = (1 —p) (EV(T};:p) — EV(Ty;p)) -

Write h(p) = (1 — p) Y p_, cxp® (this is possible since h(0) = (1) = 0). We
must show there are positive integers ay, by, and rooted trees T}, and T, such that
EV(Tl;p) =>4  axp®, EV(TU;p) = Y p_, bep®, and aj, — by, = ¢ for 1 <k < n.

But this is immediate: for instance, if ¢ > 0, then choose ar = ¢ + 1 and
b =1, if ¢, = 0, choose ap, = by, = 1, and if ¢, < 0, choose ap =1 and by, = 1 — ¢g.
(Obviously, there are many other solutions.)

O

We can now prove our main result for trees.
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Proposition 2.5. Let 0 = ap < a1 < -+ < oy = 1, where each «; is rational.
Then there is a tree T with adjacent vertices u and w such that the optimal location
for the root is u if o < p < aggs1 (for 0 <k < L%J} and w if asp_1 < p < Qg
(for 1 <k < [§]).

Proof. Let h(p) = N(1 —p)p];_,(c; — p), where N is the product of the denomi-
nators appearing in the ;. Then h(p) has integer coefficients and h(0) = h(1) = 0,
so it satisfies the hypothesis of Lemma 2.4. Thus, there is a tree T and a pair of
adjacent vertices v and w with EV (T,;p) — EV (Tyw;p) = h(p).

Now EV(Ty;p) > EV(Ty;p) for as, < p < aggy1 and EV(T,;p) > EV(Ty;p)
for agr—1 < p < gy, (for appropriate k). It remains to show that 7' can be modified
(if necessary) so that EV(T,;p) > EV(Ty;p) and EV (T,;p) > EV(Ty;p) for all
0 < p <1 and for all vertices v # u, w.

Suppose EV (Ty;p) > EV(T,;p) for some vertex v # u,w and for some 0 < p <
1. Now add 2M vertices (with sufficiently large M to be determined) of degree 1
to T so that M of the new vertices are adjacent only to v and the remaining M
vertices are adjacent only to w. Call this new tree 7", and note that EV (T);p) —
EV(T);p) = h(p) still holds.

Now EV(T.;p) = EV(Tyu;p) + Mp + Mp?, since the M new vertices adjacent
to u contribute Mp to the polynomial and the other M vertices contribute Mp?.
Let r be the distance from v to the nearer of the two vertices u and w. This gives
EV(T!;p) = EV(Ty;p) + Mp 1 + Mp"+2 for r > 1. Then

EV(T;p) — EV(T};p) = EV(Tu;p) — EV(Ty;p) + Mp+ Mp® — Mp™" — Mp™2.

Now it is clear we can select M sufficiently large so that EV (T;p) — EV (T);p) > 0
for 0 <p<1.

Finally, note that EV(T);p) > EV(T.;p) for 0 < p < 1, where z is one of the
new vertices added to T' (immediate if x is adjacent to u and only slightly harder
if = is adjacent to w).

Repeat this procedure for all vertices v # u,w, comparing each vertex v to
u and then to w. Let M be large enough so that EV(T);p) > EV(T);p) and
EV(T!;p) > EV(T);p) for all 0 < p < 1 and all vertices v # u, w.

Thus, for any vertex v of T (v # w), we have EV(T);p) > EV(T);p) for
0 < p < 1, and the same holds for EV (T, ;p) > EV(T};p).

O

For example, if we let h(p) = p(1 — p)(1 — 4p)(1 — 2p)(3 — 4p), then we can
construct a tree T with adjacent vertices v and w as in the proofs of Lemma 2.4
and Proposition 2.5. This gives EV (T,;p) = 5p + 2p* + 72p® + 2p* + 33p® and
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EV(Ty;p) = 2p+27p% +2p> 4+ 82p* 4+ p°. The resulting tree has 115 vertices, (u,w)

isanedgeofT,andu>pwfor0<p<iand%<p<%,

i <p< % and % < p < 1. See Figure 2 for a plot of the difference of these two

while w >, u for

polynomials.

-0.05

FIGURE 2. EV (Ty;p) — EV(Ty;p).

We now generalize this result to show that ranking the top k choices for the root
of a given graph can achieve an arbitrary permutation of k given vertices. We begin

with a lemma that generalizes Lemma 2.4.

Lemma 2.6. Let fi(p) be the probability that there is a path joining two distinct
vertices in the complete graph Ky. Let hi(p) = (1 — fr(p)) Z;Zl ¢ jp’, where the
ci.; are arbitrary integers and r is a positive integer. Then there is a graph G' with a
unique mazimum clique {vy, ..., v} constructed by attaching trees T; to each vertex
v, 1 <1 <k, such that, for all1 <i<k—1,

Proof. Let G be a graph with clique {v1,...,v;} and with trees T; so that vertex
v; is the only vertex from the clique that is in the tree 7T;. See Figure 3 for an
illustration. (To ease notation, we let T; denote the rooted tree with root vertex v;
and let G; denote the the graph G rooted at the vertex v;.) Then
EV(Giip) = EV(Tiip) + fu(p) S EV(Tyip) + (k — 1) fu(p),
J#i
S0,
EV(Gis1;p) — EV(Giip) = (EV(Tiv1;p) — EV(Tisp)) (1 — fu(p))-

Our goal is to find positive integers a;; so that, for each 1 < ¢ < k —1 and

1<j <r,wehave ag11); — aij = ¢; ;. We fix j between 1 and r and proceed as

follows. Initially set a1 ; = 0. This forces as ; = ¢, which forces az ; = c1 ; + ca 5,
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which forces a4 ; = c1,; + 2,5 + 3,5, and so on, with a;; = Zi: ¢i,; holding for all
I <k.

Some of these a; ; will be non-positive at this point (in particular, we have a1 ; =
0). To finish the assignment, let M be the minimum value among {a j,...,ax,;},

then add [M] + 1 to each a; ;, forming a new sequence a; ; = a;; + |M| + 1. Each
/ / /

0,J (i4+1),5 — T ‘
j. By Lemma 2.3, we can construct trees T; having EV (T;;p) = Z;Zl a;7jp3. This

ai . will be a positive integer and will still satisfy a a; . = c; ; for all ¢ and
completes the proof.

(]

FIGURE 3. The construction used in Lemma 2.6 and Theorem 2.7.

We now give the main result in this section. Our construction uses Lemma 2.6

to generalize Proposition 2.5.

Theorem 2.7. There is a graph G satisfying all of the following conditions:
(1) S ={v1,...,vx} forms a mazimum size clique in G;
(2) For any p between 0 and 1 and any vertices v; € S and w ¢ S, we have
v >p W5
(3) For each permutation ™ € Sy, there is a value of p between 0 and 1 such

that
Ur(1) Zp Ur(2) Zp """ Zp Un(k)-
Proof. We form G in stages. Initially, let {v1,...,v;} be a clique. We will attach

trees to each of the v; as in Lemma 2.6. The proof will follow from the lemma when

we show how to define polynomials h;(p) for 1 <14 < k — 1 with specified roots.
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More precisely, we will determine k& — 1 subsets R; so that

e Each R; is finite;
e Each z € R; is a rational number between 0 and 1;
e hi(p) = Q(1 — fx(p)) [L.cr, (# — p), where Q is an integer chosen to make

all coefficients integers.
We now construct the R; in stages.

(1) Forall1 <i<k-—1,R;NJ0, %] = (. Thus,if 0 <p < %,We have h;(p) > 0

for all 4. This will force vy >, vp—1 >, -+ >p v1 for 0 <p < %

(2) Let r; be a rational number with % <r < %, and place r; € Ry. Then
hi(r1) =0, and hy(p) < 0 for r; < p < % This will force vy >, vp—1 >p
e > 1 >y U2 for 7 < p and p — 7y sufficiently small.

(3) Now select ro rational with % <71y < %, and place ro € Rs. As above,
this will force vy >, v3 for p € (ra, %) In addition, since vz >, v1 >p v2
when p — rp is small and vy >, v3 for ro < p < %, we must have vy ‘pass’
vg for some value of p between r; and ry. Thus, we have the progression
V3 >p V1 >p Vg — V1 >p U3 >p U2 — U1 >p U2 >p Uz as p increases from
r1 +€tory +e.

(4) We continue in this fashion, adding r to R; to change the sign of h;(p) as
p increases from r — € to r + €. This swaps the order of v; and v;4; in the

induced order.

More generally, given a permutation 7, we can record the orders of all pairs
of consecutive indices. For example, if 7 = 315624, we require vy >, v2,v3 >p
V2,V3 >p U4,Us >p Vg and vs >, Ug. It is easy to ensure these pairwise relations
hold by adding a rational z to the appropriate R;. For instance, in our example,
we wish to ensure hq(p), hs(p) and hs(p) > 0 and ha(p), ha(p) and he(p) < 0 for a
fixed p. Unfortunately, this does not uniquely determine w. There may be many
total orders that extend the partial order determined by the pairwise relations.

In this case, however, we can add another rational to some R; to effect a trans-
position. For instance, suppose we have 135624 instead of the desired m = 315624
for a value of p. Both of these orders are consistent with the pairwise relations.
Then we add a new rational z to R;. Then we must have v, pass v3 for some p < z.
By choosing an appropriate z, we can ensure the permutation 315624 will appear
for this value of p.

Since every permutation m € Sy is a product of consecutive transpositions, we
can achieve any permutation of the vertices {v1,...,v;} by continuing the process.
(While it is extremely tedious to compute each R;, this process can be made rigorous

with an inductive argument, generating all permutations of Sy by inserting k in all
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possible ways into the permutations of Sk_;.) Multiplying through and clearing
denominators will produce polynomials with integer coefficients, as desired.
Finally, it remains to show that v; >, « for any x ¢ S and for any value of p.
As in the proof of Proposition 2.5, by attaching R vertices to each of the vertices
v; € S, we do not affect the polynomial differences h;(p), so we do not change
the relative ordering of the vertices. Then v; >, « for any = ¢ S provided R is
sufficiently large. We leave the details of determining an explicit value for R to the

reader. O

We work through a slightly simplified version of the procedure described in

the proof of Theorem 2.7 for £ = 3. For this case, we can use R; = {%,%}

and Ry = {£,%}. This gives hi(p) = 25(1 — f3(p)) (3 —p) (2 —p) and ha(p) =

25(1 — f3(p)) (2 —p) (é —p). Then, using the algorithm given in the proof of

5 5

Lemma 2.6, we attach trees to the vertices of K3, where

EV(Ty;p) = p+51p*+p°
EV(Ty;p) = 4p+ 31p* + 26p°
EV(Ts;p) = 12p+p° +51p°

The resulting graph will have 181 vertices, and every permutation of the three
vertices of the clique will appear for some value of p. By construction, the order
changes for p = % for i = 1,2,3 or 4. Further, by the process described in Step
(3) of the proof of Theorem 2.7, vertices 1 and 3 will swap places twice; once
at x = .326... and again at y = .673... See Figure 4 for the correspondence
between permutations and subintervals. In the figure, the sequence 321 represents

the ordering vz >, v2 >, v1, and so on.

| 321 | 3120132 123 | 2131231 321 |
| | [ ! ] !
0 02 x 04 06 y 08 1

FIGURE 4. All permutations of three vertices appear as p increases from 0 to 1.

The order that we encounter the permutations in this procedure corresponds to
a hamilton path in the poset on S under the weak Bruhat order. See Chapter 3 of

[5] for more information.
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3. ZEROES OF EV(G)

We now turn to connections between algebraic properties of the polynomial
and combinatorial properties of the network. Zeroes of the chromatic polynomial
of a graph give information on the chromatic number, and complex zeroes give
information about state changes in various percolation models in statistical physics
[?, 16]. An interesting connection between graph coloring and analysis appears in
[19]. Zeroes of the characteristic polynomial of a graph [7] (the eigenvalues of the
graph) give information about a host of graph properties, especially connectivity.
The next result relates the size of the largest rational zero of EV(Gg;p) to the

number of vertices of G.

Proposition 3.1. Let r be the largest rational zero of EV(Gs;p). Then G4 has at

least 1 vertices (including the root).

Proof. If r < 2, the result is immediate, so we assume r > 2. Recall that EV (Gg; 1) =

n — 1, where n is the number of vertices of G. Now write r = ¢ (where a > 2b) and

factor EV (Gs;p) = (a —bp)h(p) for some polynomial h(p) with integer coefficients.
Then h(1) = %=X, so (a — b) < n — 1 since h(1) must be an integer.

a—b’

CASE 1: r is an integer. Then b=1,sor =a and a — 1 < n — 1. Thus, G has

at least r vertices.

CASE 2: 7 is not an integer. It remains to show that r < a — b. Since r is not
an integer, we have b > 2, so b_il <2 Thus,r=¢>22> b_il. Simplifying yields
a(b—1)—=b*>>0,0r a—b> % =r, as desired.

In both cases, we have r < n, and this completes the proof.

|

The bound in Proposition 3.1 is sharp: Let G4 be the rooted graph consisting of
one double edge and n — 2 single edges (where n > 2), all joined to the root. Then
EV(Gs;p) = p(n — p), and G, has exactly n vertices. It is interesting to note that
replacing the double edge with a 3-cycle has a dramatic effect on the location of
the largest zero, which will be much smaller than the number of vertices.

When T is a tree, Proposition 3.1 tells us nothing, since, in that case, EV (Ts; p)
will be a polynomial with positive integer coefficients, thus having no positive ze-
roes. On the other hand, given any collection of negative rationals, it is trivial to
construct a rooted tree T with EV (Ts; p) having zeroes at precisely those given ra-
tionals. In particular, if r; = —§*, we can form the polynomial f(p) = ngl(ai—kbip)

to accomplish this.
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Proposition 3.2. Let {ry,...,rq} be any collection of negative rational numbers.
Then there is a rooted tree Ts such that EV (Tg;p) has degree d, and has precisely

the zeroes {ry,...,rq}.

While rooted trees allow no positive zeroes, we can create rooted graphs with
expected rank polynomials having virtually any collection of positive integer zeroes.

We need the following definition:

Definition 3.3. The k" elementary symmetric function in variables x1, ..., 24 is
ok(T1,...,2q) = Z Ty Tiy -+ - Ty, -
1<i <ig < <ip <d
By convention, og(x1,...,x4) = 1.
Theorem 3.4. Let {ry,...,rq} be any collection of positive integers, let s, = r,—1
for all k, and suppose o1(s1,...,84) — op_1(81,...,8q) > 0, where oy, is the k"

elementary symmetric function and 1 < k < d. Then there is a rooted graph G
. d
with EV(Gg;p) =p [y (re — p)-

Proof. Let H™ denote the rooted graph with two vertices and m parallel edges,
where 1 < m < d+ 1. We construct a rooted graph G by gluing together a,,
copies of the graph H™ for 1 < m < d+ 1, where the non-negative integers a,, are

determined below. To achieve this, we determine a,, for 1 < m < d + 1 such that

d
p H (1K — ).
k=1

Setting y = 1—p and s = r—1 and equating coefficients of the two polynomials,

d+1

S an(l - (1-p)™)

we get agy1 = 1 and ay, = 0g—m+1(S1,- -5 8d) — Od—m(S1,...,84) for 1 < m < d.
By supposition, a,, > 0 for 1 < m < d+ 1, so the rooted graph G, formed by
identifying all of the roots of the a,, rooted graphs H™ for 1 < m < d+ 1 will have
EV(G;p) = [Ty (re — p).

O

Example 3.5. We construct a rooted graph G4 with

EV(Gs;p) =p(5—p)(6—p)(T—p)(8—p)(9—Dp)
Expanding the polynomial as in the proof of Theorem 3.4, we find a; = 776,a2 =
3874,a3 = 1715,a4 = 325,a5 = 29 and ag = 1. Thus, if G, is constructed by
identifying the roots of a,, copies of the graph H™, we have EV(Gs;p) = p(5 —

p)(6 —p)(7 — p)(8 — p)(9 — p). This graph has 6721 vertices (including the root)
and 15,120 edges.
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While the previous construction is of limited practical value, we point out that

the graph H™ can be thought of as a single, ‘toughened’ edge, where the probability

of

edge success is increased from p to 1 — (1 — p)™. Under this interpretation, the

graph G constructed in Theorem 3.4 is simply a rooted star in which every vertex

is adjacent to the root.
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