


M, corresponds to an undirected edge in C,, Cory labels this edge with e,, which
equals either 1 or — 1. Similarly, if column & corresponds to a loop in C,, he labels
the loop with e,. Finally, if column k of M, corresponds to a directed edge from
vertex I to vertex j, he leaves this directed edge unchanged if ¢, = 1 and he
reverses the direction if e, = —1.

This process produces a signed, oriented mixed graph C,(p). See Figure 4 for an
example with M, and the vector p =[1, —1;1, —1,1,1, — 1,1, —1]7. To under-
stand how this p produces the signs and arrows shown, recall the order of the

+1

+1

Figure 4. Signed mixed graph G(p).

normal vectors appearing as the columns of M;: The first three columns corre-
spond to the loops at vertices 1, 2, and 3. Columns 4, 6, and 8 correspond to the
(undirected) edges joining vertices 1 and 2, 1 and 3, and 2 and 3, respectively.
Thus, for example, since e, = —1, the edge joining vertices 1 and 2 is signed with
—1. Columns 5, 7, and 9 correspond to the directed edges joining vertices 1 and 2,
1 and 3, and 2 and 3, respectively. Thus, for example, since e; = —1 in the
example, the edge directed from vertex 1 to vertex 3 is reversed.

There is a one-to-one correspondence between signed, oriented mixed graphs
and the sign vectors p. It is interesting to note that these sign vectors also arise
naturally in the context of the hyperplane arrangements—Heidi’s hyperplane
approach to the problem. For any region R in the hyperplane arrangement, let v
be a point in R. Thinking of v as a vector, compute the usual inner product of v
with each of the n? normal vectors. Recording only whether these inner products
are positive or negative produces a sign vector of length n?; this simply records
which side of each hyperplane the point v lies. Among all possible 2 potential
sign vectors that could arise in this way, it turns out that only 2”n! do arise. These
are precisely the sign vectors that produce vertices of the associated zonotope.

As anyone who has ever put up wallpaper knows, it is easy to move a bubble
beneath the paper from place to place, but it’s hard to get rid of the bubble. Cory
has now shifted the problem of determining the 2"n! vertices of the zonotope (or
the regions of the hyperplane arrangement) to a graph theory problem.

Question 2. Of the 2"’ possible oriented, signed mixed graphs C,(p), which ones
produce the 2"n! vertices of the zonotope Z(M,)?

Cory’s goal is to separate the two factors 2" and n! by having each one count a
particular action. Now there are two aspects to C,(p): the orientation of the
directed edges and the signing of the undirected edges. Cory decides to call a sign
vector p good if it corresponds to a vertex of the zonotope. Cory notices a few
things about these good p: First, the orientation of C,(p) is acyclic when p is good.
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This means that the vertices can be linearly ordered v,,v,,...,v, so that every
directed edge adjacent to v, points away from v,, every directed edge adjacent to
v, (except for the edge from v, to v,) points away from v,, and so on. In the
language of tournaments, the directed edges of C,(p) form a transitive tournament
—if a beats b and b beats ¢, then a beats c. There are n! acyclic
orientations—Cory is half-way home.

The second important point Cory realizes has to do with the signs on the
undirected edges. When p is good, these signs can be obtained ‘vertex by vertex’ as
follows: Assume v, v,,...,0, is the linear order and let b = [b,,...,b,]” be one
of the 2" vectors of 1’sand —1’s. If b, = 1, then he signs with a 1 all undirected
edges incident to v, (including the loop); if b, = —1, then all undirected edges
(including the loop) incident to v, are signed with a —1. Now Cory removes v; or
v, from the list (depending on whether b, = 1 or —1), giving a new list of n — 1
vertices. He then repeats the process for b,: if b, = 1, then he signs with a 1 all
undirected edges incident to the first vertex on the new list (v, when b, = —1 and
v, when b, = 1) (including the loop) that have not previously been signed; if
b, = —1, then he signs with a —1 all undirected edges (including the loop)
incident to the last vertex on the list (v, when b, = 1 and v,_, when b, = —1)
that have not previously been signed. The process continues until all of the signs
b, — b, have been processed. Since there are 2" sign vectors b and each one gives
a unique signing, Cory has the 2" factor directly visible, too.

For example, if b =[1, —1,1]” and v, = 3,0, = 1, and v; = 2, he first paints
the edges adjacent to vertex 3 with 1’s, then paints the previously unsigned edges
adjacent to 2 with —1’s and finally paints the remaining unsigned edges adjacent
to 1 with a 1; the only edge painted in this last step is the loop at vertex 1. See
Figure 4.

Cory gives an inductive argument to show why this works; you can see it in [3].
The key for us is that this procedure for producing an oriented signed graph gives
a direct link to our 2”n! problem family: Since there are n! orderings of the n
vertices (to produce an acyclic orientation) and there are 2" sign vectors b of
length n, Cory immediately gets the answer of 2"n!.

Cory’s combinatorial solution. There are precisely 2"n! oriented, signed mixed
graphs C,(p) corresponding to good sign vectors p.

6. REBUTTAL. Allison, Heidi, Zach, and Cory meet in the coffee room to share
their work. Allison sees a connection between the structure of the group G, and
the ubiquitous 2"n!

Allison’s turn. Allison knows that the symmetry group G, of a hypercube decom-
poses as a semi-direct product:

G, =123 %8,
She views the symmetry group of a hypercube as follows:
« First label the 2n facets of the hypercube by the symbols 1, 1*,2,2* ... n, n*,
where the symbol i represents the facet contained in the hyperplane x; = 1

and i* represents the facet contained in the hyperplane x; = —1.

» Choose a vertex v of the hypercube and record the ordered list of n facets
incident to v. The starting point for the list can be determined uniquely by
choosing the top or bottom facet first (whichever is incident to v) and fixing
an orientation in space:
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e Then an arbitrary symmetry of the hypercube can be broken down into two
steps: First choose a permutation of the labels around the vertex v, then map
v to some other vertex v'.

Allison explains to her colleagues: “The first step in this procedure can be
accomplished by composing certain reflections through v (the collection of all
reflections through v generates the symmetri¢ group S,), while the second step
amounts to choosing an element from the normal subgroup Z’ to move from v to
v’ (accomplished by conjugating the permutation by the appropriate element of 7%,
which is generated by the reflections perpendicular to the coordinate axes). Hey! Is
anyone still awake?”

Cory’s turn. Cory sees that the graph algorithm that produces the good sign vector
p does (to a graph) more or less the same thing Allison just did (to the group G,).
To understand how the correspondence works, Cory reminds his colleagues that he
first chooses an acyclic orientation of C,, resulting in a permutation of the n
vertices (which corresponds to the permutation of the n facets around the vertex
v), then he picks a sign vector b of length n (which corresponds to mapping the
- vertex v in the hypercube to some other vertex). This gives a map of the 2"n!
elements of G, to the collection of all C,(p) that are formed from good p’s.
Heidi adds, “It’s really interesting how the four approaches used different areas

of mathematics, but are so closely related. Let’s send our solutions to Jeopardy!”

7. CONCLUDING REMARKS. The connections between hyperplane arrange-
ments, zonotopes, and symmetry groups is explored in [2]. Further interpretations
are examined in [5]. The sign vectors p considered here are maximal covectors in
an associated oriented matroid [1]. The further connection with acyclic orienta-
tions of ordinary graphs is due to Curtis Greene [4], while the extension to mixed
graphs appears in [3].

Signed graphs also provide a good way to understand the combinatorics of
hyperplane arrangements. Tom Zaslavsky has developed a substantial theory for
these combinatorial objects. See [11], [12], or [13] for a sample of this work. Many
of his results generalize to other hyperplane arrangements. Zaslavsky has also
considered hyperplane arrangements from a matroidal viewpoint. A very readable
account appears in [10].

Many of the arguments given here can be rephrased using matrix groups; the
reflections in the group G, are easily represented by matrices. See [2] for more
details on using linear algebra in this way.

ACKNOWLEDGMENT. Liz McMahon’s comments substantially improved the exposition. Figures 1, 2,
and 3 were created by the computer program KaleidoTile. The author also thanks Allison, Heidi, Cory,
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